We consider the question of simplicity of a ring R under the action of its ring of differential operators DR. We give examples to show that even when R is Gorenstein and has rational singularities R need not be a simple DR-module; for example, this is the case when R is the homogeneous coordinate ring of a smooth cubic surface. Our examples are homogeneous coordinate rings of smooth Fano varieties, and our proof proceeds by showing that the tangent bundle of such a variety need not be big. We also give a partial converse showing that when R is the homogeneous coordinate ring of a smooth projective variety X, embedded by some multiple of its canonical divisor, then simplicity of R as a DR-module implies that X is Fano and thus R has rational singularities.
Introduction
Given a k-algebra R, one can consider the ring D R/k of k-linear differential operators on R. When R = k[x1, . . . , xn] (or when R is a smooth k-algebra), D R/k is well-studied and has several nice properties; however, when R is not a smooth k-algebra, D R/k can be quite mysterious. For example, [BGG72] showed that if R = C[x, y, z]/(x 3 + y 3 + z 3 ), then D R/C is not finitely generated over C, not left-or right-Noetherian, and that R is not a simple D R/C -module.
We consider the following questions:
(1) If Spec R has rational singularities, when is D R/k simple? ([LS89, Question 0.13.1])
(2) When is R a simple D R/k -module? ([LS89, Question 0.13.3]) Remark 1.1. As we will discuss in Remark 2.7, if D R/k is simple then R is a simple D R/kmodule, and if R is a graded ring that is a simple D R/k -module, then D R/k must contain differential operators of negative degree.
In the setting of finite-type C-algebras, [Hsi15, Question 5.1] asked whether in (2) above it's sufficient for R to have Gorenstein rational singularities. This criteria was motivated in part by [Smi95, Theorem 2.2], which showed that in characteristic p an F -pure ring R is a simple DR-module if and only if R is strongly F -regular; thus, one might expect a "mildly" singular ring R in characteristic 0 to be a simple DR-module.
In this note, we give a negative answer to Hsiao's question, illustrating the differing behavior of differential operators in characteristic p and characteristic 0.
Theorem 1.2. There are Gorenstein (graded) C-algebras R with rational singularities such that D R/k contains no differential operators of negative degree, and thus such that R is not a simple D R/k -module and D R/k is not simple. One example is R = C[x, y, z, w]/(x 3 + y 3 + z 3 + w 3 ).
We also give a positive answer to the necessity of these conditions in the special case where R is the homogeneous coordinate ring of a smooth projective variety embedded by a multiple of its canonical divisor: Theorem 1.3. Let R be a normal Q-Gorenstein graded C-algebra, generated in degree 1, with an isolated singularity If R is a simple DR-module, or merely admits a differential operator of negative degree, then R has klt singularities, and thus rational singularities.
Both main theorems are proved by working with the smooth complex variety X = Proj R, and using the following observation of [Hsi15] :
Theorem 1.4 ([Hsi15, Theorem 1.2]). Let X be a smooth complex projective variety and L an ample line bundle. Set R = S(X, L) = m H 0 (X, L m ). If R is a simple DR-module then TX is big.
In Section 3 we discuss the notion of bigness of vector bundles; in the context of this theorem, bigness of TX is equivalent to, for any e > 0, the existence of a nonzero global section of H 0 (Sym m TX ⊗ L −e ) for some m ≫ 0.
The singularities of rings of the form R = S(X, L) = m H 0 (X, L m ) (i.e., rings that are section rings of polarized smooth complex projective varieties) translate to properties of the embedding X ֒→ P N determined by H 0 (X, L m ) for some m large enough:
(1) R is always normal.
(2) R is Gorenstein if and only if L = OX (aKX) for some a ∈ Z, and Q-Gorenstein if and only if L ⊗b = OX (aKX ) for a, b ∈ Z.
(3) R is klt if and only if it's Q-Gorenstein and a < 0, i.e., if and only if it's Q-Gorenstein and −KX is ample.
If R is klt then it has rational singularities, and the converse is true if R is Gorenstein. Thus, to give a counterexample to the sufficiency of Gorenstein rational singularities for DR-simplicity, we find a variety X with −KX ample (i.e., X is Fano) and TX not big. Similarly, to address the necessity if R = S(X, L) is the homogeneous coordinate ring of a smooth projective variety embedded by a power of its canonical divisor (i.e., such that either KX or −KX is ample), we show that TX big implies that −KX ample. In fact, we note the following statement (likely known to experts), which immediately implies our statement on necessity:
Theorem 1.5. Let X be a smooth complex projective variety. If TX is big, then X is uniruled.
We begin by discussing differential operators and D-simplicity in Section 2. We then recall the definition and properties of big vector bundles in Section 3, and discuss the connection between D-simplicity and bigness of the tangent bundle in Section 4. In Section 5, we show that a Fano variety need not have big tangent bundle, by examining the tangent bundles of some del Pezzo surfaces. We show that if X is a del Pezzo surface of degree ≤ 4, then TX is not big (and thus in particular the tangent bundle of a smooth cubic surface is not big). In Section 6, we show that that, if R = S(X, L) for some smooth complex projective X with L very ample and a multiple of KX , then DR-simplicity of R forces X to be Fano and thus R to be klt and hence rational. Sections 7 and 8 contain no new results, but compare and contrast our results with known results in positive characteristic and characteristic 0 respectiveley.
Example 2.1. If k is a field and R = k[x0, . . . , xn], then
α 0 · · · ∂ ∂xn αn : αi ∈ N is the familiar ring generated by the partial differential operators (the coefficients are irrelevant if char k = 0, but necessary when char k > 0).
Remark 2.2. When R = d R d is a graded ring, one can define homogeneous differential operators of degree e: one writes
Then D R/k is itself a graded ring.
For the rest of the paper, A will be a field k, most often C, and R a finitely generated k-algebra. We will write simply DR for D R/k . When R is not a smooth k-algebra, the behavior of DR can be quite subtle, even when R is a "nice" ring (e.g., a complete intersection). For example, we have the following example:
). Let R = C[x, y, z]/(x 3 + y 3 + z 3 ) be the affine cone over a smooth elliptic curve. Then DR has no differential operators of negative degree, DR is not a finitely generated C-algebra, and is neither left-nor right-Noetherian. We note here that since DR has no differential operators of negative degree, the maximal homogeneous ideal (x, y, z) is a proper sub-DR-module of R.
There are a variety of ways to use properties of DR to describe the singularities of the ring R: one can consider noetherianity of DR, finite generation, generation by derivations, freeness of the R-module D 1 R , and more (see, for example, [LS89, Smi95, SVdB97, Ish87] ). In particular, [LS89] posed the following questions:
(1) If Spec R has rational singularities, when is DR simple? ([LS89, Question 0.13.1])
We recall the definition of rational and klt singularities:
Remark 2.5. We will also use the notion of klt singularities of R (by which we mean of Spec R), which are of importance in the minimal model program. We omit this definition here, as we will not make any use of the definition (nor that of rational singularities) in this note. ( We do note that klt singularities are by definition Q-Gorenstein.) We assemble here the only facts we will need:
• If R has klt singularities then it has rational singularities [Elk81] .
• If R is Gorenstein and has rational singularities then it has klt singularities [ST08, Proposition 3.1].
• Let X be a smooth projective variety and L a very ample line bundle. Then S(X, L) := H 0 (X, L ⊗m ) is Q-Gorenstein if and only if L ⊗b ∼ = OX (aKX) for some a, b ∈ Z, and has rational singularities if and only if −KX is ample [Kol13, Lemma 3.1].
The property in (2) above is called D-simplicity:
For clarity, we will sometimes say R is DR-simple.
Remark 2.7. We note the following implications:
• If DR is a simple ring, then R is D-simple: to see this, if R is not D-simple, let I be a proper nonzero ideal of R such that DRI ⊂ I; one can then check that {δ ∈ DR : δR ⊂ I} is a nonzero proper ideal of DR. The converse is not true (see, e.g, [LS89, 0.13]).
• If R is a graded ring, and R is D-simple, then DR must have differential operators of negative degree, i.e., (DR)e = 0 for some e < 0.
Remark 2.8. D-simplicity is known to impose certain conditions on R. If R is D-simple then:
• If R is reduced then R must be a domain.
• R is Cohen-Macaulay [VdB91, Theorem 6.2.5].
• If k is a perfect field of positive characteristic, and R is F -pure, then R is D-simple if and only if R is strongly F -regular [Smi95, Theorem 2.2].
The following classes of rings are known to be D-simple:
• If T is DT -simple, and the inclusion of an T -submodule R ֒→ T splits as a map of Rmodules, then R is DR-simple [Smi95, Proposition 3.1]. Thus, for example, toric rings are D-simple.
• Invariant subrings of polynomial rings under the action of classical algebraic groups [LS89] .
The examples listed above, as well as analogies between strong F -regularity in characteristic p and klt singularities in characteristic 0, motivate the following more specific formulation:
Question 2.9 ([Hsi15, Question 5.1]). If R is a finitely generated Gorenstein C-algebra such that Spec R has rational singularities, is R then D-simple?
We note that since R is assumed to be Gorenstein it's equivalent to ask whether Spec R has klt singularities.
Remark 2.10. [LS89] gives an example of a ring with rational singularities which is not Dsimple; the ring in question is obtained as the quotient of C[x, y, z]/(x 3 + y 3 + z 3 ) under a Z/3Z-action, which is a 2-dimensional normal isolated rational singularity. This example is why one must impose the Gorenstein condition in the phrasing of [Hsi15, Question 5.1].
Our Theorem 1.2 exhibits a "mildly" singular ring R which not only is not D-simple (and thus such that DR is itself not a simple ring), but which does not have any differential operators of ngegative degree. This indicates that one must impose fairly strong conditions on R to obtain a sufficient condition for Question 0.13.1 of [LS89] on the simplicity of DR.
Positivity of vector bundles
The rest of the paper will use various notions of positivity for vector bundles. We recall some definitions and properties here, largely following [Laz04b, Chapter 6].
Let X be any variety and E a locally free sheaf of rank r on X. We write π : PE → X for the projective bundle of 1-dimensional quotients of E. PE carries a tautological line bundle O PE (1), and we have that π * O PE (m) = Sym m E for m ≥ 0.
Definition 3.1. E is said to be ample, nef or big if the line bundle O PE (1) is ample, nef, or big respectively.
Remark 3.2. There are conflicting conventions for defining bigness of vector bundles. The definiton we take here is elsewhere called "L-big" (for "Lazarsfeld-big"). There is also the stronger notion of "V-big" (for "Viehwig-big"). These differ even in quite simple cases: for example, O P 1 ⊕ O P 1 (1) is L-big but not V-big. For a detailed discussion of the different notions of positivity generally and bigness specifically, see [BKK + 15, Jab07].
Remark 3.3. A line bundle L on a variety X of dimension N is big if and only if
We can give a similar characterization for bigness of vector bundles: Say E is a rank-r vector bundle on a variety X of dimension n. Because π * O PE (1) = Sym m E, we have that
Since PE has dimension n + r − 1, we have that E is big if and only if
The following characterization of bigness will be crucial in Section 4: We reproduce the proof of [Hsi15] here for convenience (note that just the "only if" implication is stated there, although the converse direction is straightforward).
Proof. Say H 0 (X, Sym m E ⊗ L −e ) = H 0 (O PE (m) ⊗ π * L −e ) = 0, i.e., O PE (m) ⊗ π * L −e is effective (and thus so are all its positive tensor powers). Since O PE (1) is π-ample, we have that O PE (1) ⊗ π * L j is ample for j ≫ 0; choosing j = N e for N ≫ 0, we have
Thus, we have that O PE (mN + 1) can be decomposed as the product of an ample line bundle and an effective line bundle, and is thus big; hence O PE (1) is big as well.
Conversely, if E is big, then Kodaira's lemma (Lemma 3.5 below) implies that for any e such that L e is effective, there exists m such that O PE (m) ⊗ π * L −e has a section for some m ≫ 0. Then
concluding the proof. For a proof, see [Laz04a, Proposition 2.2.6]. Finally, we note here a fact we will use throughout:
Lemma 3.6. Let k be a field and X a k-scheme, and let
be a short exact sequence of vector bundles, with L a line bundle. Then for any m > 0 we have a short exact sequence
If k has characteristic 0, and we have a short exact sequence of vector bundles
with L again a line bundle, then for any m > 0 we have a short exact sequence
For the first fact see [Eis95, Proposition A2.2]; the second follows dualizing 0 → E → F → L → 0, applying the first fact, and then dualizing again, and using the identifications (Sym E ∨ ) ∨ ∼ = Sym m E, which holds only in characteristic 0.
D-simplicity of section rings and bigness of the tangent bundle
In this section, we recall the main result of [Hsi15]:
Theorem 4.1. Let X be a smooth complex projective variety of dimension ≥ 2, let L be an ample line bundle on X, and let R = S(X, L) := H 0 (X, OX (mL)) be the section ring of X with respect to L. If R has a differential operator of negative degree (e.g., if R is DR-simple) then TX is big.
We recall the proof from [Hsi15] for the reader's convenience:
Proof. We first recall the connection between the tangent bundle of a smooth variety and the differential operators on its section ring from [Ish87] .
Let X be a smooth projective variety and L an ample line bundle. We will assume for simplicity here that R = S(X, L) is generated in degree 1. [Hsi15] and [Ish87] treat the general case; we note for our purposes here that we can also replace R by a Veronese subring while preserving the existence of a differential operator of negative degree (and thus reduce to the case here) and assume that Proj R is embedded in some P n by |L|.
By Proposition 3.4, TX is big if and only if for any e < 0 there exists m > 0 such that H 0 (X, Sym m TX ⊗ L e ) = 0. We claim the vanishing H 0 (X, Sym m TX ⊗ L e ) = 0 for all e < 0 and all m implies on the other hand that D m e := (D m R )e = 0 for all e < 0 and all m, i.e., that R has no differential operators of negative degree. This then shows that R cannot be D-simple as the homogeneous maximal ideal will be a proper DR-submodule.
Write D m for the differential operators on R of order ≤ m; write D m l ⊂ D m for the homogeneous differential operators of degree l. Let X = Spec R be the affine cone over X, which embeds naturally in A n+1 = Spec k[x0, . . . , xn], and let U = X − {m} be the punctured cone, so π : U → X is an A 1 -bundle. Let
be the Euler operator on R induced from that on k[x0, . . . , xn]. Write Diff m for the sheaf of differential operators of order ≤ m on U . Note that by reflexivity of D m we have that
Thus I gives a global section of Diff 1 , and let Diff m e ⊂ Diff m be the subsheaf of differential operators δ with [I, δ] = eδ. The global sections of Diff m e are exactly those homogeneous differential operators δ on R such that for any homogeneous polynomial f we have
For any m, e, write ∆ m e = π * (Diff m e ); note then that
One can then check:
(1) ∆ m e = ∆ m 0 ⊗ L e for any m ≥ 1 and any e ∈ Z. 
and thus by Lemma 3.6 short exact sequences
Now, let e < 0. Twisting (1) by L e and taking global sections we get
By Kodaira vanishing, H 1 (X, L e ) = 0, while clearly H 0 (X, L e ) = 0. Thus, if H 0 (X, TX ⊗L e ) = 0, then H 0 (X, σ1 ⊗ L e ) = 0. Moreover, since by definition σ1 ⊗ L e = π * (Diff 1 e ), we have that 0 = H 0 (X, σ1 ⊗ L e ) = H 0 (U, Diff 1 e ) = D 1 e for e < 0. Thus, if H 0 (X, TX ⊗ L e ) = 0 for e < 0, then R has no derivations of negative degree. Now, we handle the higher order differential operators by induction on m. Again, let e < 0. Twisting (2) by L e and taking global sections we get
Vanishing of H 0 (X, Sym m TX ⊗ L e ) for all m and all e < 0 will imply that H 0 (X, σm ⊗ L e ) = H 0 (X, σm−1 ⊗ L e ) for all m and all e < 0, and we've seen already that H 0 (X, σ1 ⊗ L e ) = 0 for e < 0, and thus we obtain H 0 (X, σm ⊗ L e ) = 0 for all m and all e < 0. Since the rightmost term vanishes, we know that D m e = D m−1 e for all e < 0, and we know already that D 1 e = 0 for e < 0, and thus the result is shown.
The tangent bundle of del Pezzo surfaces
In this section, we will treat the case of del Pezzo surfaces of degrees 3 and 4, and show that their tangent bundles are not big. By [Hsi15, Corollary 1.3], toric del Pezzo surfaces (i.e., those of degree ≥ 6) have big tangent bundles, while our result here implies those of degree ≤ 4 do not have big tangent bundles. The only unknown case remaining is thus that of degree-5 del Pezzo surfaces. The del Pezzo surfaces of degrees 3 and 4 are especially easy to treat, because they embed as complete intersections in projective space. If one attempts to use the resulting short exact sequences for their tangent bundles, however, one runs into difficulties; instead, the key is to study the cotangent bundles, via the following elementary fact: For the rest of this section we work over an arbitrary ground field of characteristic 0. We begin by treating the case of del Pezzo surfaces of degree 3, i.e., smooth cubic surfaces. While our results for degree-4 del Pezzos actually imply the results for those of degree-3, the argument is simpler in the degree-3 case, and the statement actually slightly stronger. We will prove:
Theorem 5.2. Let X be a del Pezzo surface of degree 3, i.e., a smooth cubic surface. TX is not big; in fact, H 0 (X, Sym m TX ) = 0 for all m.
Setting R = S(X, OX (1)) = m H 0 (X, OX (m)) By Theorem 4.1, the theorem implies that R has no differential operators of negative degree, and thus R is not a simple DR-module and DR is itself not a simple ring. On the other hand, note that X is Fano (since by adjunction ωX = OX (−1)). Thus R has klt (thus also rational) singularities; since X is a hypersurface R is Gorenstein, and thus we've obtained the counterexample to Question 2.9 promised in Theorem 1.2. We note here that nothing in our results is specific to C[x, y, z, w]/(x 3 + y 3 + z 3 + w 3 ), but applies just as readily to C[x, y, z, w]/(F ) for any homogeneous cubic F defining a smooth projective surface in P 3 .
Remark 5.3. Recent work of [HIM19] has considered positivity properties of the tangent bundle of del Pezzo surfaces, and in particular of TX . The notions of positivity they examine are analytic in nature, and in particular the definitions of "big" for vector bundles they consider is not the same as the bigness of O PT X (1). Thus, our result in Theorem 5.2 does not follow from their results, and the methods we use here are much more algebraic in nature.
Lemma 5.4. Let n ≥ 3 and m ≥ 1. Then:
(1) H 0 (P n , Sym m Ω P n (e)) = 0 for e < m + 1.
(2) H 1 (P n , Sym m Ω P n (e)) = 0 for e < m − 1.
(3) H i (P n , Sym m Ω P n (e)) = 0 for 1 < i < n and any e.
Proof. The Euler sequence for Ω
Since all terms are locally free and the rightmost term has rank 1, by Lemma 3.6 we have a short exact sequence of symmetric powers
→ 0 (the ranks are unimportant and we suppress them). Twisting by some O P n (e) yields 0 → Sym m Ω P n (e) → O P n (−m + e) → O P n (−m + e + 1) → 0.
Claim (1) of the lemma for e < m follows (in any characteristic) by taking global sections, obtaining 0 → H 0 (P n , Sym m Ω P n (e)) → H 0 P n , O P 3 (−m + e) , and noting that the right term vanishes for −m + e < 0, but for e = m we must take a slightly different approach, for which a slight change in notation will be helpful: Write P n = P(V ) for a vector space V of dimension n. We twist the Euler sequence for the tangent bundle by O P(V ) (1), obtaining
Taking symmetric powers we obtain
Dualizing this sequence we have
Now, using that we're in characteristic 0, we know that
Thus, to see that H 0 (P n , Sym m Ω P(V ) (m)) = 0, it suffices to show that the map
is injective. But this is just the canonical map of vector spaces
which is dual to the canonical multiplication
which is obviously surjective, and thus (3) is injective and the e = m case of claim (1) is shown. For claim (2), the relevant terms of the long exact sequence are
The right term vanishes always, while the left term is zero if −m + e + 1 < 0. Finally, claim (3) follows by examining the terms
and noting that the first and last terms vanish for any e and 1 < i < n.
Lemma 5.5. Let m ≥ 1. Then:
(1) H 0 (X, Sym m Ω P 3 |X (m)) = 0.
(2) H 1 (X, Sym m Ω P 3 |X (m − 3)) = 0.
Proof. We start with (1): Twisting the short exact sequence 0
Taking the long exact sequence in cohomology we get 3) ).
(4) By Lemma 5.4 the first and last terms vanish, and thus H 0 (X, Sym m Ω P 3 |X (m)) = 0, as desired. For (2), we twist 0 → O P 3 (−3) → O P 3 → OX → 0 by Sym m Ω P 3 (m − 3) and take the long exact sequence, yielding relevant terms
Again, Lemma 5.4 says that the outer terms vanish and thus H 1 (X, Sym m Ω P 3 |X (m − 3)) = 0.
Proof of Theorem 5.2. By 5.1, we have that Sym m (TX ) = Sym m (ΩX (1)) = Sym m (ΩX )(m), and so it suffices to show that H 0 (X, Sym m (ΩX )(m)) = 0 for all m.
We have a presentation 0 → OX (−3) → Ω P 3 |X → ΩX → 0 for ΩX ; taking symmetric powers and twisting by OX (m), we have
Taking the long exact sequence in cohomology we have
But Lemma 5.5 implies immediately that the outer terms vanish, and thus so does the middle term, proving the theorem.
Theorem 5.6. Let Y be a del Pezzo surface of degree 4. TY is not big.
Proof. The proof is essentially an iterated application of the techniques in the previous proof: Any del Pezzo of degree 5 is anticanonically embedded into P 4 , where it is the complete intersection of two smooth quadrics. Since ωY = OY (−1), we know TY ∼ = ΩY (1), and it thus suffices to show that H 0 (Y, Sym m ΩY (m − 1)) = 0. Let Q be a smooth quadric containing Y . The cotangent sequence says
The desired vanishing will follow if we can show that:
(1) H 0 (Y, Sym m ΩQ|Y (m − 1)) = 0 for m ≥ 1.
( Both follow immediately from taking the long exact sequence in cohomology associated to the restriction sequence 0 → Sym m Ω P 4 (e − 2) → Sym m Ω P 4 (e) → Sym m Ω P 4 |Q(e) → 0 (for suitable e) and using the results of Lemma 5.4. For (1b), we again use the long exact sequence arising from
From this, we see that the desired vanishing follows once we know that:
(1b.i) H 1 (Q, Sym m Ω P 4 |Q(m − 3)) = 0.
(1b.ii) H 2 (Q, Sym m−1 Ω P 4 |Q(m − 5)) = 0.
Again, both follow from the long exact sequence coming from 0 → Sym m Ω P 4 (e − 2) → Sym m Ω P 4 (e) → Sym m Ω P 4 |Q(e) → 0 (for suitable e) and the results of Lemma 5.4. Now, we move on to show the vanishing H 1 (Y, Sym m ΩQ|Y (m − 2)) = 0 of (2) above. By the same reasoning, this follows once we know that: Corollary 5.7. Let Xi be the blowup of P 2 at i general points. Then TX i is not big for i ≥ 5.
Proof. For any five general points, −KX 5 embeds X5 as the intersection of two smooth quadrics in P 4 , which we've just seen does not have big tangent bundle. If i > 5, we can view Xi as the blowup of X5 at i − 5 general points, say µ : Xi → X5. We have an injection TX i ֒→ µ * TX 5 ;
taking the m-th symmetric power yields a morphism Sym m TX i ֒→ Sym m µ * TX 5 = µ * Sym m TX 5 .
This must be an injection, since TX i ֒→ µ * TX 5 is generically an isomorphism, so Sym m TX i → Sym m µ * TX 5 is generically an isomorphism well and thus has torsion kernel, but Sym m TX i is locally free and thus cannot have a torsion subsheaf. Taking global sections and noting that H 0 (Xi, µ * Sym m TX 5 ) = H 0 (X5, Sym m TX 5 ) since µ * OX i = OX 5 , we thus have a containment
and thus H 0 (Sym m TX i ) cannot grow like m 3 .
Remark 5.8. In particular, as mentioned at the beginning of this section, once we know that TX 5 is not big, TX 6 cannot be big either; however, our result above actually shows that H 0 (X6, Sym m TX 6 ) = 0 for all m, which does not follow from our treatment of TX 5 ; in fact, one can show that H 0 (X5, Sym 2 TX 5 ) is 2-dimensional.
Remark 5.9. As we mentioned previously, [Hsi15, Corollary 3.1] implies TX i is big for i ≤ 3 (i.e., those i such that Xi is toric). Thus, the only unknown case is i = 4. It would be interesting to know if bigness of TX i fails for i = 4, i.e., as soon as Xi is not toric.
A partial converse
The preceding section showed that given a Fano variety X and an ample line bundle L, the section ring S(X, L) may not be D-simple, even though it has only a Gorenstein rational singularity. Even though this is not true, however, one can give a partial converse:
Proposition 6.1. Let X be a smooth complex projective variety. If TX is big then X is uniruled.
Proof. First, we recall the following theorem of Miyaoka:
Theorem 6.2 ([Miy87, Corollary 8.6]). If a smooth complex projective variety X is not uniruled then ΩX is generically nef, i.e., ΩX |C is nef for a general complete intersection curve C ⊂ X.
Now, say X is not uniruled but TX is big. Take L to be an ample line bundle on X and consider a nonzero global section s ∈ H 0 (X, Sym m TX ⊗ L −1 ). Choosing a general complete intersection curve C ⊂ X, which by generality will not lie in the zero locus of s, we obtain a nonzero global section s|C ∈ H 0 (C, Sym m TX |C ⊗ L| −1 C ). We can view this nonzero global section equivalently as an injection
or as an injection L|C ֒→ Sym m TX |C .
Moreover, we note that (Sym m TX |C ) ∨ = Sym m ΩX |C , and that since ΩX |C is nef so is Sym m ΩX |C (by [Laz04b, Theorem 6.2.12(iii)]).
Lemma 6.3. If C is a smooth curve, L a line bundle on C of positive degree (thus ample), and E a vector bundle on C with E ∨ nef, then there is no injection L ֒→ E.
Proof. Say we have L ֒→ E. The cokernel Q := E/L may not be torsionfree, but we may consider the surjection E → Q → Q/torsion.
Since C is a smooth curve, Q ′ := Q/torsion is locally free, and thus so is the kernel of the surjection E → Q ′ .
Call this locally free kernel L ′ ; it's clear L ′ is a line bundle containing L, and thus deg L ′ ≥ deg L > 0. The short exact sequence of locally free sheaves
However, E ∨ was supposed to be nef, yet the quotient (L ′ ) ∨ is not, and we thus have a contradiction, so there can be no injection L ֒→ E.
Applying this lemma with E = Sym m TX and L = L|C , we obtain Theorem 6.1.
The following theorem (appearing as Theorem 1.3) in the introduction) recovers and extends [BJN19, Theorem 4.48], which treated the hypersurface case.
Theorem 6.4. Let R be a normal Q-Gorenstein graded C-algebra, generated in degree 1, with an isolated singularity. If R is D-simple, then Proj(R) is Fano, and thus R has klt singularities, and thus rational singularities.
Proof. Let X = Proj R, with L = OX (1) the corresponding ample line bundle. Thus, we have that R = S(X, L) is the section ring of the smooth projective variety X under the projectively normal embedding defined by L. Since R is Q-Gorenstein, we must have that KX ∼ r · L for r ∈ Q. D-simplicity of R forces TX to be big. Thus, applying Theorem 6.1, we have that X must be uniruled.
Since X is uniruled, we must have H 0 (X, mKX ) = 0 for all m > 0. But for m sufficiently large and divisible we have mKX ∼ a · L for a = mr ∈ Z, |a| ≫ 0. Thus H 0 (X, aL) = 0 for a ≫ 0, and by ampleness of L we must have that a < 0, so r < 0 and −KX is ample. Thus X is Fano and embedded by a multiple of its canonical divisor, so S(X, L) has klt singularities by [Kol13, Lemma 3.1].
Remark 6.5. If in the above R is moreover Gorenstein, then R has rational singularities (see Remark 2.5). 7 Relationship to differential operators in characteristic p As mentioned in Section 2, part of the motivation for the conjectural relationship between klt singularities and D-simplicity is the equivalence of D-simplicity and F -regularity for Fpure varieties, and the analogy between F -regularity in characteristic p and klt singularities in characteristic 0. In this section, we give a brief discussion of these analogies.
Remark 7.1. By [SS10, Theorem 5.1], a smooth (or klt) Fano variety X over C has globally F -regular type; this means that if one looks at various models Xp of X over finite fields Fp, then Xp is globally F -regular for almost all p; this in turn is equivalent to the section ring S(Xp, Lp) being strongly F -regular for any ample line bundle Lp on Xp. We avoid giving a formal definition here, but the following example is indicative of the general process, at least in the case where X can be defined over the subring Z ⊂ C:
Example 7.2. Let X = Proj C[x, y, z, w]/(x 3 + y 3 + z 3 + w 3 ) be a smooth cubic surface. Then for each prime p, we have Xp = Proj Fp[x, y, z, w]/(x 3 + y 3 + z 3 + w 3 ); then we have a natural choice of section ring S(Xp, Lp) = Fp[x, y, z, w]/(x 3 + y 3 + z 3 + w 3 ). For p ≥ 5, it's easy to check that this is strongly F -regular (for example, by using Fedder's criteria [Fed83] ). Thus, X has F -regular type.
Remark 7.3. For any p ≥ 5, since Fp[x, y, z, w]/(x 3 + y 3 + z 3 + w 3 ) is strongly F -regular (and F -pure), it is D-simple, and in particular has differential operators of negative degree. However, our above results showed that C[x, y, z, w]/(x 3 + y 3 + z 3 + w 3 ) is not D-simple, as it has no differential operators of negative degree. That is, there is no hope in general to "lift" differential operators of negative degree from characteristic p to characteristic 0. This offers another example of the phenomena discussed in [Smi95] , where the ring Rp = (Z/pZ)[x, y, z]/(x 3 + y 3 + z 3 ) is shown to have a degree-0 differential operator for p ≡ 1 mod 3 (i.e., those p such that Rp is F -split) that does not arise as the image of a differential operator on Z[x, y, z]/(x 3 +y 3 +z 3 ). As is noted there, this shows that there are "more" differential operators in positive characteristic. The example of this note is further evidence for this heuristic: in positive characteristic p ≥ 5, Fp[x, y, z, w]/(x 3 + y 3 + z 3 + w 3 ) has differential operators of arbitrarily negative degree, while C[x, y, z, w]/(x 3 + y 3 + z 3 + w 3 ) has no differential operators of negative degree.
Remark 7.4. Recent work of [BJN19] introduced an invariant s(R) of a ring R, called the differential signature. One always has 0 ≤ s(R) ≤ 1, and if s(R) > 0 then R is DR-simple. We won't recall the definition of this invariant here, but want to note briefly that our results give an example of the contrasting behavior of s(R) in positive characteristic and characteristic 0:
Again, let Rp = Fp[x, y, z, w]/(x 3 + y 3 + z 3 + w 3 ) and R = C[x, y, z, w]/(x 3 + z 3 + z 3 + w 3 ). Since R is not DR-simple, the differential signature of R (over C) must be zero. On the other hand, Rp is strongly F -regular for each p, so it has positive F -signature; moreover, one can calculate using [Shi18] the limit of the F -signatures as p goes to infinity to be 1/8. By [BJN19, Lemma 5.15], this bounds the limit of the differential signatures of Rp (over Z) away from 0. Thus, one cannot expect to calculate the differential signature in characteristic 0 as a limit of differential signatures in characteristic p as p → ∞. For further discussion on this question, see [BJN19, Section 5.3].
Big tangent bundles in characteristic 0
In this section, we briefly review what is known about bigness of the tangent bundle for smooth complex projective varieties; throughout, X will denote such a variety.
Remark 8.1. By [Wah83] , if X is a smooth projective variety and L an ample line bundle, then H 0 (X, TX ⊗ L −1 ) = 0 forces X to be be projective space P n , and additionally L = O P n (1) (except if n = 1 in which case L might be O P 1 (2)). That is, if dim X ≥ 2 and R = S(X, L) has a derivation of negative degree, then X must be the projective n-space, and R just a polynomial ring.
It appears that less is known about the potential nonvanishing of global sections of the higher symmetric powers H 0 (X, Sym m TX ⊗ L e ). The following result is as much as is known to us:
Theorem 8.2 ([ADK08, Theorem 6.3]). Let X be a smooth complex projective variety of Picard number 1 and L an ample line bundle. If H 0 (X, T ⊗m X ⊗ L −m ) = 0, then either X = P n and L = O P n (1) or Q is a quadric hypersurface and L is the restriction of the hyperplane class from the ambient projective space.
Since in characteristic 0 we can embed Sym m TX ֒→ T ⊗m X , this implies that if X is as above, and not a projective space or a hyperquadric, then H 0 (X, Sym m TX ⊗ L −m ) = 0. That is, for such X we can rule out differential operators on R = S(X, L) of order m and degree −m. We do not know if one can extend this theorem to varieties with higher Picard number.
We emphasize that results of the above form are very specific to characteristic 0; for example, [Wah83] gives the example of the ring R = (Z/2Z)[x0, x1, x2]/(x 2 0 + x1x2); Proj R is a smooth quadric, but ∂/∂x0 is a differential operator on R of order 1 and degree −1.
Remark 8.3. Bigness of the tangent bundle of a smooth projective variety is known in the following cases:
• projective spaces.
• quadrics (of any dimension).
• varieties X admitting an ample line bundle L such that the section ring S(X, L) is a split summand of a polynomial ring, and thus in particular:
• smooth toric varieties.
• Grassmannians and (partial) flag varieties.
• when TX is nef (conjecturally, by [CP91] this is equivalent to X being rational homogeneous) and dim X ≤ 3.
• products of the above varieties.
Note that while many of these are Fano varieties, not all are (e.g., many toric varieties). However, by [Hsi15] , if TX is big and nef then X is Fano. Nefness of TX is quite a restrictive condition though, and as already mentioned, it is conjectured in [CP91] to be equivalent to X being rational homogeneous.
We note that all of the above varieties are rational, and that our Theorem 5.2 shows that many rational varieties don't have big tangent bundles. While Theorem 6.1 above guarantees that a variety with big tangent bundle is uniruled, such varieties may well not be rational.
Remark 8.4. In fact, given the failure of TX to be big when X is a cubic plane curve (since then TX = OX ) or a cubic surface in P 3 , one may expect that TX fails to be big when X is a cubic threefold. By [CG72] , a general cubic threefold is not rational; thus, the connection to uniruledness may be all that we can expect.
It is thus natural to ask about the following question:
Question 8.5. What conditions on a smooth complex variety X, beyond uniruledness, are imposed by bigness of the tangent bundle TX ?
